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I. Phys. A Math. Gen. 25 (1992) 2919-2927. Rinted in the UK 

Wigner-Eckart theorem for the quantum group U,(n) 

A U Klimyk 
Institute for Theoretical Physics, Kiev 130, Ukraine 

Received 28 October 1991 

Abstmd. Tensor operators transfonning under finite dimensional irreducible representa- 
tions of the quantum group U,(") are defined. Using them tensor operators transforming 
under representations ofthe quantum algebra U,(u(n)) are introduced. The Wigner-Eckart 
theorem on matrix elements of tensor operators defined is derived. 

1. Introduction 

ThP WIgne.r-E&r! !heorem is 0Tle of the E n !  f tmk!!en!l!  ml!heEl!lrl! YPSI!!!S In 
the theory of symmetries. In the last decade new mathematical objects of the theory 
of symmetries appeared. They are quantum groups and algebras. In order to apply 
representations of quantum groups and algebras in physics we have to develop adequate 
mathematical apparatus. In particular, it is necessary to have an appropriate definition 
of tensor operators transforming under representations of quantum groups and to 
prove the q-analogue of the Wigner-Eckart theorem. 

Tensor operators for quantum groups and the corresponding Wigner-Eckart 
theorem are considered by Biedenharn and Tarlini (1990) (see also Klimyk and Smirnov 
1990, Nomura 1990a, 1990b. Rittenberg and Scheunert 1991). In their definition of 
tensor operators, Biedenham and Tarlini (1990) demand that action of generators E. 
of a quantum algebra U,(g)  upon tensor operators { t n )  is compatible with comultiplica- 
tion in UJg) .  This requirement does not give a complete definition of a tensor operator 
as it is in the case of classical compact Lie groups. Besides, the definition by Biedenham 
and Tarlini (1990) is only for tensor operators transforming under representations of 
quantum algebras U&) (q-deformed universal enveloping algebras). Although 
Biedenham and Tarlini call quantum algebras V,(g)  quantum groups, we differentiate 
between two notations: a quantum algebra Uq(g) and the algebra of functions A(G,) 
on a quantum group G,. These mathematical objects are dual. Nevertheless, definitions 
of tensor operators for U,(g) and for A(G,) are different. Of course, since U,(g) and 
A(G,) are dual, then these definitions are connected. 

In this paper we explicitly define tensor operators transforming under a representa- 
tion of the quantum group U,(n) (which is the q-analogue of the unitary group U(n)), 
that is under a corepresentation of the Hopf algebra A(U,(n)), and prove the Wigner- 
Eckart theorem for these tensor operators (these results are absent in Biedenham and 

tensor operators transforming under representations of classical compact Lie groups. 
The duality between the Hopf algebra A(U,(n)) and the Hopf algebra U,(u(n)) 
(9-deformation of the universal enveloping algebra of the Lie algebra of the group 
U ( n ) )  allows us to go over to definition of tensor operators transforming under 

0305.U70/92/102919+09SW.50 @ 1992 IOP Publishing Ltd 2919 

Tnrlini !son). m.,,, tenser cperc?!o.. B?C defined i!! !he same wly  as i?l ?hP c a p  nf 



2920 A UKIimyk 

representations of the algebra U,(u(n)) and to obtain the Wigner-Eckart theorem for 
them. In this way we receive the explicit formula of action of the generators E, of the 
algebra U,(u(n)) upon tensor operators. Thus, for the case of the quantum algebra 
U,(u(n)) we derive the explicit expression for the left-hand side of formula (9) of the 
paper by Biedenharn and Tarlini (1990), such that { t J  satisfies the conditions of the 
main theorem of that paper. 

2. The quantum algebras U,(gl(n, C))  and U,(u(n)) 

Let L be the lattice fZ;= ,  Ze, in R", where Z is the set of all integers and e, are the 
unit vectors. With the help of the formula (ei, ej) = Ss a scalar product is introduced 
in L. The quantum algebra U,(gl(n, C)) is generated by the elements qa, a E L, e,, fx, 
1 c G / I . x , h i - h  nh-w thn IDI.+:--c 
I - n . I . )  "....,U "U', L L l l  . * L L I L L " . I a  

q o =  1 4'qb = q'+b & B E L  (1) 

q"ekq-" = q+--*k+Je k (2) 

q y k 4 - 4  = q-'""-'k+')f k a e L  l s k c n  (3) 

The structure of a Hopf algebra is defined in U,(gl(n, C)). Namely, the coproduct A, 
the co-unit E and the antipode S are given by the formulae (Jimbo 1986b) 

A(q")=  q'Oq" o E L  (8) 

A ( ~ , )  = e k @ q - ( v % i J / 2 +  q lek-%+1) /2@ek (9) 
A ( f , )  = f k @  q - ( e k K % + l ) / 2 +  q ( c & - e k + n ) / *  Ofx x (10) 

E(qE)=l  E ( e d = d h ) = O  (11) 

S(q' )  = q-. S(ek)  = - q - ' e k  S(fx) = -4 .L  (12) 

By means of *-operations (which are antilinear antiautomorphisms) real forms of 
Uq(gl(n, C)) can be separated. The compact quantum algebra U,(u(n)) is defined with 
the help of the *-operation 

( 4 9 ;  = 4. f : = e k  e: =fx (13) 

in U,(gl(n, C ) ) .  It is a *-Hopf algebra. 
Finite dimensional irreducible representations T of the algebra U,(gl(n, C ) )  [and 

of the algebra U,(u(n))] are in one-to-one correspondence with such representations 
of the classical unitary group U( n) (Jimbo 1986a) and are given in the Gel'fand-Tsetlin 
basis {(M)} by the Gel'fand-Tsetlin formulae in which all factorial m l  are replaced 
by the corresponding q-factorials [ m ] !  defined by the formula 

q k  - q-* 
where [ k ] = - .  

4 - 4  
[ m ] !  = [ m ] [ m  - 11 . . . [ l ]  
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In particular, the operators E,= T(e , ) ,  F, = T ( f ; ) ,  T ( q 5 ) = q H i  act upon the basis 
vectors IM) by the formulae 

I 

k=I  
E,IM)= 1 Ax(M)IM;') (14) 

61M)= Ak(M,?)IMy*) (15) 
h = l  

where M;* is the Gel'fand-Tsetlin pattern obtained from M by replacing m,, by 
mhj*l and A k ( M )  are coefficients which are explicitly given by Jimbo (1986a). 

The tensor product of two irreducible finite dimensional representations T ( m ! )  
and T ( m , )  of the algebra U,(u(n)) with highest weights m, and m2 decomposes into 
the direct sum of irreducible representations: 

T ( m , ) O  T ( m , )  = 0 T ( m ,  r )  (17) 
m.r 

where r labels multiple irreducible representations T ( m )  and T ( m ,  r ) =  T ( m )  for all 
values of r. If IN), IK), JM) are the Gel'fand-Tsetlin bases of the carrier spaces of the 
irreducible representations T ( m , ) ,  T (m2) ,  T (  m) respectively, then according to 
decomposition (17) the Clebsch-Gordan coefficients of this tensor product are 
defined as 

IM),= E C2:;:IN)OIK). (18) 
N, K 

As in the classical case, we have the orthogonality relations - 
(19) C"'"'"C"'"'"' - 

N K M ,  NKM, , ' -  L~MM,& 
N. K 

~ 

1 c;:;;c2,2;,= SNN.SKK. (20) 
",MJ 

where the bar denotes complex conjugation. 

3. The algebra of functions on the quantum group U,(n) 

In the basis {IM)} the irreducible representation T ( m )  of the quantum algebra Uq(u(n)) 
is given by the matrix with matrix elements t E N  depending on elements a E U!(u(n)). 
As in the case of the quantum group SU,(Z) (Groza et a1 1990), formulae (8)-(10) 
mean that 

t",t;;R # t;;RfEN. 

As in the classical case, we have the relations 
~ 

(21) C""'"C"'"*" "1 f m ,  
N K M r  RSLr lML='NR KS 

r.m,M.L 

where C::: are Clebsch-Gordan coefficients of the quantum algebra U,(u(n)). 
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For the irreducible representation TI of the algebra U,(u(n)) with highest weight 
(l,O, . . . , 0 )  (the vector representation) elements of the Gel'fand-Tsetlin basis are 
labelled by the Gel'fand-Tsetlin patterns with rows of the types (1.0, .  . . , 0 )  and 
( 0 , .  . . , 0).  We denote by U, the element of this basis whose pattern consists of j rows 
of the type (1 ,0, .  . . ,O). Then the elements U,, i = 1,2, .  . . , n, form a basis of the carrier 
space of the representation TI. Let tu. 1 6 i, j S n, be the matrix elements of this 
represeytation with respect to the basis U,, i = 1,2 , .  . . , n. Using relations (21) and (22) 
for m, = m, = (1.0, .  . . , 0 )  and explicit expressions for Clebsch-Gordan coefficients of 
the tensor product TI@ TI (Pasquier 1988) in the same way as in the paper by Groza 
et a/ (1990) we derive that tu, 1 =s i, j S  n, satisfy the relations 

t ik$k q$kt ik tkitkj = qlkjtkt i < j  (23) 

tJjk = tjktil i < j  k < l  (24) 

tjk$, - qt,rGk = - q-'$ktil i < j  k < l  (25) 

tv det;l=det;'t, det, det;' = det;' det, = 1 (26) 

which are usually derived with the help of universal R matrix. Here det, is the 
q-determinant defined by the formula 

where S. is the permutation group of the set 1,2 , .  . . , n and u(s) is the number of 
inversions involved in s. We generate by the elements tu, 1 < i, j S n, det;' obeying 
relations (23)-(26) the associative algebra. The struchre of a Hopf algebra IS introduced 
into this algebra (Noumi et al"1990, Parshall and Wang 1991). According to this 
structure the comultiplication AA and the co-unit sA are defined by the formulae 

k = I  

AA(det;') = det;l@det;' 

€.JtV) = 6, e,4(det;1)= 1. 

The antipode SA is uniquely determined by the relations 

S A ( r v ) = ( - q ) ' - j a j i  det;' S,(det,) = det;', 

Here aji is the corresponding q-minor 

a]; = ( - q p $ , . 9 ( ; , ;  ~ i ~ $ " - , . 9 ( ; " - , )  
I & . ,  

where ( j l , .  . . , j n - l )  is the set (1 ,2 , .  . . , n) without j and ( i l , .  . . , is the set 
(1,2, . . . , n) without i. 

The algebra generated by the elements tu, 1 s t  j <  PI, det;', obeying relations 
(23)-(26), with the structure of a Hopf algebra described is denoted by A(GL,(n, C)) 
and is called the algebra of functions on the quantum group GL,(n, C). The matrix 
elements t&, from formulae (21) and (22) belong to this algebra. The structure of a 
*-Hopf algebra can be defined in A=A(GL,(n, C)). We put 

(27) tf = S( r,) = (-q)J-iau det;' det: = det;' 
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and extend this *-operation onto all elements of A considering that * is an antilinear 
antiautomorphism, that is 

(aa + pb)*  = Ea* + Bb* a , P E C  a , b E A  

(ab)* = b*a* a, b E A. 

The Hopf algebra A with this *-operation is called the algebra of functions on the 
quantum group U,(n) and is denoted by A(U,(n)). 

A matrix ( f Z N ) ,  described above, with a fixed highest weight m = (m,", . . . , m"") 
is called a corepresentation of the Hopf algebra A(GL,(n, C ) )  and of the *-Hopf 
algebra A(U,(n)). It is also called a representation (or a matrix representation) of the 
quantum group GL,(n, C) and of the quantum group U,(n). The detailed description 
of these representations can be found in Noumi et a1 (1990). 

There is an invariant linear functional (invariant integral) 'p on A(U,(n)) which 
is defined by the relations (Noumi et al 1990) 

[(id@p)~A,l(a) = I . ' p ( a )  

[ (V@idkAnl(a)  = d o )  ' I A(U,(n)) 
where I is the unit element from A and id is the identity operator on A. It is uniquely 
determined by the condition 

d t : d  =m = 1 q ( t ; ; I N ) = O  forall m#(O, ..., O), 
Using the invariant integral 'p the scalar product (a, b )  = p(ab*) is defined in 

A(U,(n)). It is proved (Noumi et al 1990) that for matrix elements t G N  [which are 
elements of the algebra A(U,(n))] we have 

'p ( f G N ,  tg) = 0 if (m, M, N )  = (m', P, Q) (28) 
p(&, tGN)  = (d(m))-'q-2(p,w(N))= 4% N )  (29) 

where w ( N )  is the weight of the vector labelled by the Gel'fand-Tsetlin pattern N, 
d(m)  is the q-dimension of the representation T(m), that is 

I ( p . w ( M ) )  d(m)  = C 
M 

[the sum is over all Gel'fand-Tsetlin patterns M of the representation T(m)] and 

2 p =  (n+1-2k)e*. 
k=l 

4. 'iv'igner-Eckari iheorea for the quaniuni gruup U,(iij 

Let T = Z,O T(m) be a representation of the quantum group U,( n )  which is a direct 
sum of irreducible matrix representations of U,(n). For the sake of simplicity we 
suppose that multiplicities of representations T(m) in T do not exeed 1. Let R,, 
M E  R [where R is the set of Gel'fand-Tsetlin patterns for the representation T(m')], 
he a set of operators (numerical matrices) of the dimension equal to that of the 
representation T. We say that R = {RM,  ME C l }  is a tensor operator transforming under 
the representation T(m') = (tcN) of the quantum group U,(n) if the relations 

TR,T*= GARN 
Nsn 
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are fulfilled for all M E  Cl where the equality is understood as element-wise equality 
of matrices and T* = &, 0 T*( m )  means the matrix which is the direct sum of matrices 
T*(m)  = (tb)* = ( t $ ) .  Here the *-operation is given by formula (27). 

The equality T * ( m ) T ( m ) =  E is valid, where E is the unit matrix with the units I 
of the algebra A(U,(n)) on the main diagonal. Hence, formula (30) can be written as 

TR,= 1 t”,RNT. 
N c n  

Writing down the basis elements IM) of the carrier space of the representation T ( m )  
in the form Im, M )  we can represent this formula as 

t&(m, QIRdm”,  D)= 1 1 t % h ,  PIRNlm”, E)tgL. (31) 
QEnm N e f l  Eefl,,,- 

This equality has to be understood as an equality in the algebra A(U,(n)) 

c(m, Q)(m,  QIRMlm”, D)= 1 1 (m, PIRNlm“, E)(t%wf’& 

It follows from (21) that 

By means of relations (28) and (29) we obtain from (31) that 

N E n  E s f l . .  

~ 

m””m m””m 
( t L t & ,  GJ = c(m, Q )  1 C N E R  CnrDQr 

where (mllRllm”), are the reduced matrix elements which do not depend on Q, M, D. 
The reduced matrix elements are expressed in terms of the matrix elements from the 
left-hand side of (32). Namely, due to orthogonality relation (19) we have 

(mllRIIm”),=(dim T(m))- ’  1 (m,  QIR,lm”, D)C%’;? (33) 
lii.49 

where dim T ( m )  is the usual dimension of the representation T(m). The formulae 
(32) and (33) are the Wigner-Eckart theorem for the quantum group U,(n) or for the 
Hopf algebra of functions on U,(n).  

It follows from formula (32) that (m, QIRMlm”, D)  may be non-vanishing only if 
for all k (1 s k s n )  we have 

k k k 

mi*+ 1 dik = 1 qik (34) 
i =1  i-1 i = ,  

where mik, dik, qik are the entries of the Gel’fand-Tsetlin patterns M, 0, Q. Namely, 
for this case the Clebsch-Gordan coe6cients C%$ may he non-vanishing. 

5. The Wigner-Eckart theorem for the quantum algebra U,(u(n)) 

The quantum algebra U,,(gl(n, C)) is dual to the Hopf algebra A =  A(GL,(n, C)). The 
elements q“, ek,& of U,(gl(n, C)) are considered as the linear functionals on A which 
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act upon 1, and det:' according to the formulae 

q y  I..) s = 6.. s 4  (+e!) q'(det;) = q'(O.',+.. .+ee) r E Z  

e k ( f , ) = 6 ; k 6 j , k + l  f x ( t , ) = & , k + l 6 j k  

ek(det;) =f*(det;) = 0 rEZ.  

The action of q', e*,& upon other elements of A (that is upon polynomials in 1, and 
det;') are defined with the help of the formula 

X ( a b )  = ( A X ) ( a O b )  X E  U,(gNn, C ) )  a ,bEA.  

Therefore, for a, b E A we have 

4Yab)  = q"(a)q"(b)  (35) 

ek(ob)=ek(o)q- '  ( k-ek+!)/2(b)+ q(eC'k+t'/2(a)ek(b) (36) 

fx(ab) =fx(a)q-('*-'*+i'/2( b )  + q'ek-e*-l'/2(a)fx(b). (37) 

Products of elements qa, ex, fx of Li,(gl(n, C ) )  in this approach are defined with the 
help of formula 

x l x 2 ( a )  = ( x 1 0 x 2 ) ( A A a )  XI,  X2E U,(gl(n, C ) )  a E A  

where A A  is the comultiplication in A. In particular, 

(xlx2)(fGN)=1 x l ( t ; K ) x 2 ( t E N ) .  
r( 

It can be shown (Noumi et o l l 9 9 0 )  that the elements q*, ek , fx ,  just defined, satisfy 
relations (1)-(7). The matrices of operators of the representation T,,, = T ( m )  of the 
algebra U,(gl(n, C)) in the basis { IM)}  are obtained in the following way. If X E  
U,(gl(n, C)), then the matrix element T,,,(X),, =(MIT, , , (X)IN) is evaluated by the 
formula 

Tm(X)MN=X(tLN) 

where ( f G N )  is the corresponding irreducible corepresentation of the Hopf algebra 
A(GL,(n, C)). In particular, it follows from (36) that 

ek(r;Nlai$)  = Tn.<ir S k + , V 2 j  RS +(qTml=R- %*,1/2' j MN'im,i j RS. i3x) 

The similar formulae forfx and q' can be obtained from formulae (35) and (37). 
Applying formula (38) to both sides of relation (31) we have 

Z E&(m, QIRMlm", D )  
Q 

= E;,(m, PIRNlm", E ) ~ E D ~ - " ' ~ +  1 4 P ' 2 6 ~ ~ ( m ,  PIRNl"', E)EzL 
N .  E N .  E 

where E",= T,,,(eklW and 
k + l  k - l  k 

i - l  j = 1  1 - 1  

k + I  k - l  k 

U = -  1 d i , k + , -  1 d j , k - 1 + 2  x dsk  

p = -  1 mix+,- 2 mj,k-Ii2 1 msk 
i = l  j - 1  *=I  
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(dj, and m,, are the entries of the Gel-fand-Tsetlin patterns D and M respectively). 
This formula can be written as 

1 E;h(m, PIRNlm”, D )  
N 

=I E&(m, QIRMlm”, D)¶”/’-E 4‘”+e)/2(m, PIRMlm”, E)E’&. (39) 

Due to formula (l4),  E &  = 0 if, for entries of the Gel’fand-Tsetlin patterns E and 
D, we have 

Q E 

k k 

1 e j k - E  d , # l .  
i = l  i = l  

Taking into account this formula and relation (34) we can write (39) in the operator form 
EkRMq‘H*-Hr+i~ / ’ -qq (H*-H~*~) / zR  M E k -  -1 ( E  k )” N M R N  (40) 

N 

where Ek = T(ek),  Hk = T(ek) and the matrix elements (Ek);h of the operator ET’ 
are determined by formula (14), that is 

k-I  

(Ek)EhRN= 1 A j ( k f ) R ( h f z d  
N j = l  

Here for simplicity we used the notation R(  N )  = R,. 
Replacing ek by fk and repeating the above reasonings we obtain 

For the operators Hk we have 

Thus, we now can define tensor operators transforming under an irreducible representa- 
tion T,,,, of the quantum algebra U,,(u(n))  or of the quantum algebra U,(gl(n, C ) )  as 
a set of operators RM, hi E fi, For which reiaiions (4Oj, (4i j for k = i, 2, . . . , n - i and 
relations (42) for k = I ,  2 , .  . . , n are fulfilled. According to main theorem of the paper 
by Biedenharn and Tarlini (1990) the left-hand sides of these relations give the action 
of the generators of the algebra U,(gl(n, C)) upon RM, M e n ,  compatible with 
comultiplication A in this algebra. We have obtained formulae (40)-(42) from the 
results of section 4; that is, the tensor operator defined by these formulae coincides 
with &E! of sectloa 4. ?&refwe, rc!i?tions (32) znd (??) are vi?!id for t e ~ s o r  operators 
defined by formulae (40)-(42). These relations give the Wigner-Eckart theorem for 
tensor operators from this section. 

6. Conclusion 

Tensor operators transforming under finite dimensional irreducible representations of 
the quantum group U,(n) are of great importance for a number of applications. In 
particular, as in the case of the classical unitary group U(n),  they can be used for 
development of the theory of Clebsch-Gordan coefficients of U,(n). We have proved 
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the Wigner-Eckart theorem for these tensor operators. Then using duality between the 
algebra of functions A(U,(n)) on the quantum group U,(n) and the q-deformed 
universal enveloping algebra U,(u(n))  we derive formulae defining tensor operators 
transforming under representations of U,( U( n)) and obtain the Wigner-Eckart theorem 
for them. In forthcoming papers these tensor operators will be used for derivation of 
formulae for some Clebsch-Gordan coefficients of the quantum group U,(n). 
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